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^~^' Abstract. In this paper we will algorithmically prove the global epsilon cort- 

ex stant conjecture for all Galois extensions L/Q of degree at most 15. In fact, 

we will obtain a slightly more general result whose proof is based on an al- 
gorithmic proof of the local epsilon constant conjecture for Galois extensions 
E/Qp of small degree. To this end we will present an efficient algorithm for the 
rf^ ' computation of local fundamental classes and address several other problems 

arising in the algorithmic proof of the local conjecture. 
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1. Introduction 



For a tamely ramified Galois extension L/K of number fields with Galois group 
G, the ring of integers Ol has been studied as a projective Z[G]-module. Cassou- 
Nogues and Frohlich defined a root number class Wl/k associated to the epsilon 
Cn ■ constants occuring in the functional equation of Artin L-functions, and it was con- 

jectured by Frohlich and proved by Taylor in 1981 that this class is equal to the 
class of Ol in the reduced projective class group C1(Z[G']), see [l9l[35] . 
rCi, . In 1985 Chinburg defined an element n,{L/K, 2) in C1(Z[G]) for arbitrary Galois 

^SJ ■ extensions L/K with Ga\{L/K) = G using cohomological methods and proved that 

r — [ . it matches the class of Ol for tamely ramified extensions. His J7(2)-conjecturc, stat- 

(^ ' ing the equality of il{L/K, 2) and Wl/k in C1(Z[G']), therefore generalizes Frohlich's 

conjecture to wildly ramified extensions, cf. |15| . 

Later, Burns and the first named author formulated in [3] a conjectural de- 
scription of epsilon constants in the relative algebraic X-group Kq{1[G],'S), which 
implies Chinburg's 51(2)-conjecture via the canonical surjection Kq{'L[G],W) -» 
C1(Z[G]). More precisely, they define an equivariant epsilon constant S'l/k in 
C^ ■ iCo(Z[G],M) and an element involving algebraic invariants, which project to the 

root number class and to 0(L/Jsr, 2), respectively. If we denote the difference of 
<^L/K and the algebraic invariant by Tn^°'^{L/K, 1), then the global epsilon constant 
conjecture predicts the vanishing of TQ^°'^{L/K, 1) in Ko{Z[G],M.). Burns and the 
first named author proved their conjecture for tamely ramified extensions and for 
abelian extensions of <Q with odd conductor. They also proved that TVi^°'^{L/K, 1) 
is an element of the torsion subgroup i4ro(Z[G],Q)tor of Kq{'L[G\,'S.) , see [H Cor. 
6.3]. The results of Breuning and Burns in [llj imply that the conjecture is true 
for all abelian extensions of O. 
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The global epsilon constant conjecture fits into the more general framework of the 
equivariant Tamagawa number conjecture (ETNC) formulated by Burns and Flach 
in |13| . ETNC conjecturally describes the leading term of an equivariant motivic L- 
function at integer arguments by cohomological invariants. In the number field case, 
the global epsilon constant conjecture of [4] is in fact motivated by the conjectured 
compatibility of the ETNC for the leading terms of Artin L-functions at s = 
and s = 1 with the functional equation. In [10^ Burns and Breuning study explicit 
variants of these two conjectures and the relation to the global epsilon constant 
conjecture. More recently, they proved in [111 assuming Leopoldt's conjecture that 
their explicit conjecture at s = 1 is equivalent to the relevant case of the ETNC. 

The decomposition Ko{1[G],Q) = ®^Ko('Lp[G],Qp) splits TQ}°''{L/ K,l) into 
p-parts. This has been further refined by Breuning in 8 stating an independent con- 
jecture for Galois extensions E/F of local number fields in the group Ko{Zp[D], Qp) 
where D ~ Ga\{E/F). He defined an element Re/f G KQ{Zp[D],Qp) incorporat- 
ing local epsilon constants and algebraic invariants associated to the local number 
field extension E/F and conjectured the vanishing of Re/f- Breuning proved his 
local epsilon constant conjecture in [8 for tamely ramified extensions, for abelian 
extensions of Qp with p 7^ 2, for all S'3-extensions, and for certain infinite families 
of dihedral and quaternion extensions. 

Moreover, this local conjecture is related to the global conjecture by the equation 
TQ^°^{L/K, l)p = J2v '^G^(^L^/K^) where v runs through all places of K above p, 
w is a fixed place of L above v, Gw denotes the decomposition group and i^ is 
the induction map on the relative -fC-group, cf. [SI Thm. 4.1]. 

We fix a base field K and a finite group G. Using the result for tame extensions, 
one concludes that the validity of the global conjecture for all Galois extensions L/ K 
with Gsi\{L/K) isomorphic to G depends upon the validity of the local conjecture 
for only finitely many local extensions. 

Subsequently, Breuning and the first named author presented an algorithm in 
[5] which proves the local epsilon constant conjecture for a given local number field 
extension. To establish a practical algorithm, there were, however, still some tasks 
which needed a more efficient solution. In this paper we will address these problems, 
give solutions, and present computational results. 

These computations together with known theoretical results will prove: 

Theorem 1. a) If p is odd, then the local epsilon constant conjecture is valid for 
all Galois extensions E of Qp with [E : Q^] < 15. 

b) If P = '2, then the local epsilon constant conjecture is valid for all non- abelian 
Galois extensions E 0/Q2 with [E : Q2] £ 15. In addition, it is valid for all abelian 
extensions E 0/Q2 with [E : Qp] < 7. 

Remark 2 . In the statement of Theorem [T] we only considered extensions E/Qp of 
degree < 15 because only in these cases our computations led to new results. As 
already mentioned, the local epsilon constant conjecture is proven by Breuning for 
all tamely ramified extensions (p arbitrary) and all abelian extensions E/Qp with 
p^2. 

We point out that we could not prove the local conjecture for wildly ramified 
abelian extensions E/Q2 of degree 8 < [E : Q2] < 15. The main reason for this 
is that the unramified extension of degree 8 over Q2 cannot be represented as the 
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completion of a Galois extension L/Q of degree 80 Instead, we have to use an 
extension L/K of degree 8, with [i : Q] = 16 and [ilT : Q] = 2, and this increases 
the complexity of the computations a lot. 

The above relation between TVt^°'^{L/K, l)p and Rl^/k^ will imply results for 
global Galois extensions i/Q which satisfy the following property. 

Property (*) We say that the Galois extension L/K of number fields satisfies 
Property (*) if for every wildly ramified place v oi K with w|z;|p one of the following 
cases is satisfied 

a) Ky = Qp,p > 2 and G^ is abelian, 

b) Ky — Qp,p — 2, Gw is abelian and |G^| < 7 

c) Ky = Qp,p > 2, Gyj is non-abelian and \Gyj\ < 15. 

Corollary 3. The global epsilon constant conjecture is valid for all Galois exten- 
sions L/K which satisfy Property (*). 

The projection onto the class group also proves Chinburg's conjecture: 

Corollary 4. Chinburg's ^{2) -conjecture is valid for all Galois extensions L/K 
which satisfy Property (*). 

Moreover, the functorial properties of [8, Prop. 3.3] imply the following result: 

Corollary 5. The global epsilon constant conjecture and Chinburg's Q (2) -conjecture 
are valid for global Galois extensions E/F for which K C F Q E C L with a Galois 
extension L/K that satisfies Property (*). 

Remark 6. If L/Q is a Galois extension with Gal(L/Q) ~ ^5, the alternating group 
of order 60, then L/Q satisfies Property (*). More generally, ii K is a. number 
field where 2, 3 and 5 are completely split, then each ^5-extension L/K satisfies 
Property (*). 

Corollary 7. The global epsilon constant conjecture and Chinburg's Q (2) -conjecture 
are valid for all global Galois extensions E/F for which Q ^ F C E C L with a 
Galois extension L/Q of degree [L : Q] < 15. 

The main contents of this article are as follows. After introducing some notation 
we will present an efficient algorithm for the computation of local fundamental 
classes in[§2] In[|3]we will recall the formulation of the epsilon constant conjectures 
and related known results. To apply an algorithm of Breuning and the first named 
author for the proof of this conjecture (see 3j) we will present heuristics to represent 



local extensions using global number fields in §4 Thereafter, §5 gives an overview of 
the algorithm and addresses details and problems which either needed more efficient 
solutions or which occurred during the implementation of the algorithm. In [§6] we 
finally summarize all theoretical results that restrict the problem to the verification 
of the local epsilon constant conjecture for finitely many local extensions of Qp. 
These problems have then been solved by a computer and we give some details 
on the computations and their results. Altogether, this will complete the proof of 
[Theorem II and its corollaries. 



This is Wang's counterexample to Grunwald's original statement of his theorem. 
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Notation: For a (local or global) number field L we write Ol for its ring of integers. 
If i is a local number field with prime ideal *P, we write Ul for the units (Ol)^ 
and Ul' for the n- units 1 + *P". 

For a group G and a G- module A we write H"{G, A) for the cohomology group 
in degree n as defined in [29l I§2] and we will use the inhomogeneous description 
using n-cochains C'^{G,A) := Map(G'", A) and C°{G,A) := A. As usual, we write 
H"-{G, A) for the Tate cohomology groups. 

Let L/K denote a local Galois extension with Galois group G. We will also 
use the notation of class formations of [531 XI§2] and let u^/x denote the local 
fundamental class of L/K as defined in [531 XIII§3f.], i.e. the element which is 
mapped to t-jt^ + Z by the local invariant isomorphism inv^/^ : H^{G,L^) ^ 

Acknowledgement: It is a pleasure for us to thank the referees for their very 
careful reading of the manuscript and many valuable comments. In particular, the 
formulation of our corollaries is motivated by a suggestion of one of the referees. 

2. An efficient algorithm to compute the local fundamental class 

Throughout this section L/K will denote a Galois extension of Qp with Galois 
group G = Ga\{L/K). Our goal is to find the local fundamental class represented 
as a cocycle in H^{G,L^). 

A direct method to compute the image of the local fundamental class under 
H^{G,L'^) -^ H^{G,L''/Ul^^^) for any fc > has been described in [H §2.4]. Let 
N be an unramified extension of K with cyclic Galois group C and of degree 
[N : K] = [L : K] and let F denote the Galois group of LN/K. Then there is a 
commutative diagram 

inf 

H'^(G,L'^) ^ '^ >H'^{T,{LNY) 



H-'{G,L-/U[^^) -^^^^ H\V,{LNr/U^;:l) 

in which all infiation maps are injective, either by [31 Lem. 2.5] or [33l VII, §6, 
Prop. 5] combined with Hilbert's Theorem 90. Based on this diagram, the authors 
describe an algorithm which consists of the following steps: 

(1) Find the fundamental class in H'^{C,N^). 

(2) Compute the image under the composition 

H\G,N'') ^ H\r, (LiV)^) ^ H\r, {LNY/U^^^^). 

(3) Find the preimage under the map 



^Similar definitions can be found in J9, (3.1.3), (7.1.4)]. 
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If iy9 denotes the Frobenius automorphism in C = {^p) and tt e iiT is a uniformizing 
element, the fundamental class in H'^{C,N^) is given by (see [26j §30, Sec. 4 and 
§31, Sec. 4]) 

'^^ '^ ' |7r ifi + j>[N:K] 

Since the groups {LN)'^ /U\^^ and L^ /U^ are finitely generated, one can compute 
their cohomology groups using linear algebra |22| . However, this method turns out 
to be ineffective even for local fields of small degree. 

The basis of a new algorithm to compute the local fundamental class is the theory 
of Serre [33] and especially exercise 2 of chapter XIII, §5. We recall the results of 
this exercise and show how to turn it into an efficient algorithm. 

Let E be the maximal unramified subextension of L/K and d :— [E : K]. Denote 
the maximal unramified extension oi K hy K and the Frobenius automorphism of 
K/K by if. Then Ga\{K/K) = J^ and GaA{K/E) = J^. We set L := ^L^and 
note that L is the maximal unramified extension of L. We always identify Gal{L/L) 
with Gal{K/E) by restriction. 

The Galois group of L/K is given by 

Gal{L/K) = {(r, a) G G8il{K/K) xG\a\E^ t\e}. 
We consider L,„. :~ K ®k L, for which we have the following representation: 

Lemma 8. (i) The map Lnr — K ®k L — > Jli=o -^ defined hy sending elements 
a®b to {ab, <f{a)b, . . . , (p {a)b) is an isomorphism. 

(ii) The Galois action of {(p) x G on elements y — (yo, 2/i, ■ • ■ , J/d-i) G Ili^o ^ 
induced by this isomorphism is uniquely described by 

(</', i)(y) = {yi,y2,---,'f'^{yo)), 

(<P^cr)(^/) = {^{yo),^{yi), ■ ■ ■ ,^{yd.-l)),if cr\E = V^E- 

Here a G Gal(L/ii') is the unique element such that ctJ^ = ^p^ and a\i — a . 

Proof. Direct computation, cf. [33", XIII §5, Ex. 2]. D 

Remark 9. For arbitrary (tp*, a) G {(p) x G one chooses j G Z such that a\E — 'P-'\e- 
Then {(p^jCr) = ((/J*"-', l){ip^,(j) and and the action of each of the factors is given 
by the lemma. Explicitly, there is a unique a G Gal(L/A') such that a\]^ — a, 
(t|j-, = (p^ and (</?*, cr) acts as (v?^^"', l)f? (with a acting diagonally). 

Let L be the completion of the maximal unramified extension L of L. 

Lemma 10. For every c G U-^ there exists x G C/^ such that x"^ ^^ = c. 

Proof This is [551 V, Lem. 2.1] or [331 XIII, Prop. 15] applied to the totally ramified 
extension L/E with (p'^ generating Gal{K/E). Since this will be an essential part 
of the algorithm, we sketch the constructive proof of [55] . 

Denote the residue class field of L by k, the cardinality of the residue class field 
oi E hy q and let (j) = (p'^. Let tt be a uniformizing element of L. 

Since k is algebraically closed, one finds a solution to x'^ — x'^ = xc in k and one 
can write c — x^ ai with xi G Uj^ and ai G U~ . Similarly, one finds X2 G U~ 
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and 02 G U~ such that oi = X2 02- Indeed, if we set oi :— l + biir, X2 '■— 1 + 2/27'', 
then we need to solve 

aixl^'^ = 1 - (j/| - 2/2 - fei)7r = 1 (modTT^), 

i.e., we must solve the equation 2/2 ~ 2/2 ^ ^1 = in k. 
Proceeding this way one has 

c = (xia;2 • • • a;„)"*"^a„, Xi e C/^, a;,; G C^£ , a„ G [/!"' 
and passing to the limit solves the equation in J/^. D 



This fact can be generalized to our case. Let Lnr be the completion of Lnr, so 
Lnr — rii^o ^' ^'^"^ ^ • ^"'' ~^ ^ ^'^^ sum of the valuations. 

^x ^x 

Lemma 11. For every c G L„^ mi/i w(c) = there exists x G L^^ such that 



Proof. If c = (co,...Cd-i) G rii^o -^ ^^"^ ^'('') ^ '^' then Hi^o Cj G L has 
valuation and there exists 2/ G L for which i/*^ ^^ — 11^1 bv lLemma 101 Then 
the element x = (2/, i/cq, 2/CoCi, . . . , yco • • ■ Crf_2) satisfies 

^-1 (2/co,2/coci,...,2/co---Cd-2,v''(2/)) / ^ 

X"^ = — ^ = (co,Ci,...,Q-l) =c 

(2/:yco,2/coCi,...,2/co---Cd-2) 
since ¥''' (2/) = 2/ D to^ Cj . D 

We prepare our main result by the following lemma. 

Lemma 12. (i) ker(?i;) = {y"^^^ \ y G i„r}, 
(ii) ker((p — 1) = L^ , L^ being diagonally embedded in i„^, and 
(Hi) L„j, is a cohomologically trivial G-module. 

Proof. This is [33, XIII §5, Ex. 2(a)] . For a detailed proof see [III Lemma 2.13] . D 

We denote V := ker(ii;) and from lLemma 121 we get the exact sequences 

(1) ^ F ^ lI^ -^ Z ^ 

(2) and — > L"' — > £,t ^^ ^ — ^ 0. 

^x 

Since L„^ is cohomologically trivial, the connecting homomorphisms of their long 
exact cohomology sequences provide isomorphisms ^1 : iJ"(G', Z) — > H^{G,V), 
$2 ■ H^{G,V) — >■ H'^{G,L^) and we consider the composition 

(3) <^L/K-H"{G,Z)^H\G,L'<). 

Its inverse ^^/^ induces an isomorphism 

1 
h^L/K ■■ H\G,L'') ^ H^G.Z) '^^ ^nw^l'^- 

Proposition 13. (i) The map inv is an invariant map in the sense of |33[ XI, 
§2]. Therefore the elements Ul/k •= ^l/kO- + [L '■ K\L) are fundamental 
classes with respect to the class formation associated to inv. 
(ii) The element Uj^/j^ is the inverse of the local fundamental class Uj^/j^. 
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Proof. This is [33l XIII §5, Ex. 2(c) and (d)]. For a detailed proof we refer the 
reader to ^7\ Prop. 2.14]. Since parts of the proof wiU be turned into an algorithm 
(see Remark [H|) we recall some of the details. 

Part (i) can be proved by verifying the axioms of a class formation. 



In order to prove (ii) it suffices to show un/k = 



''N/K 



where N/K denotes the 



unramified extension of K of degree [L : K]. Indeed, by the axioms of a class 
formation we have 



vkvl/k = invLAT/K o inf 



LN/K 
L/K ' 



\wrM/K = mvLAT/if 



o inf 



LN/K 
N/K ' 

rLN/Kf 



and the same identities with inv replaced by inv. It follows that mi^"^'^ {ul/k) 



cLN/K, 



rLN/K ,— 



LN/K I— 



rLN/K 



™^N/k ('^n/k) and inf^/^(. (ul/k) = inf^/^ (un/k)- Since inf^^^ is injective 



we deduce from 



un/k 



''N/K 



the desired equality Ui^/x — Uj^,j^. 



For the unramified case one can make a direct computation of $L/x(l + [i '■ K]Z) 
by applying the connecting homomorphisms Si and S2 as follows. For 61 we consider 
the commutative diagram 



(4) 







Lnr ^ 

II II 

C^{G,V) > C°{G,l",,) -^^ CO(G,Z) 

di 

C\G,V) > C^Cl",,) ^^^ C\G,Z) 







which is induced by the exact sequence (1) and where w* is the map on the group 
of cochains induced by w. If vr is any uniformizing element of L , the element 
a = (1, . . . , 1, tt) G L„^ = C^{G, i„^) is a preimage of 1 via w. Applying di yields 
a G G (G, i„r): which is defined by 



a{a) 



a{a) 



(i,...,1,'t(^), l,...,l,i), if^|£=^-^l<j<d-l 



j components 



The commutativity of the diagram then implies a G G^{G, V). 

For the connecting homomorphism 62 we consider the commutative diagram 



(5) 











G\G,L' 



G^{G,L' 



<p-i 



C\G,L'^,,)^^^C\G,V) 
C\GXlr) >C\G,V) 











which arises from the exact sequence (2) To find a preimage of a. via 93 — 1, we 

need elements in L„^ which are mapped to -^ by <^ — 1 . By ILemma 111 these 
preimages are given by 



(6) /3(a) := <^ 



(Ua,...,Ua) if(7|_E = l 

{u„, . . . ,Ua,Uaa{n), . . . ,WcrO-(7r)) a (7\e == ip^^ , I < j < d~l 

j components 
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where Ua solves u'§ ^^ — —^ . The commutativity of the diagram again imphes 
that the cocycle 

(7) 7(ct, r) := (ft/^jlcr, r) = — — 

has values in L^ and we obtain ul/k = ^l/k{^ + [L ■ K]Z) =76 H^{G, L""). 

If L/ K is unramified, one can choose tt to be a uniforniizing element of K and 
set a — Lp^ , T ~ LpK Then -^ — 1 for all a G Gal{L/K) and every Ua £ L^ solves 
M^"^^ = SlZLi^ jf Qj^g chooses Ua- = - for a ^ id and Ui(i = 1, one can easily check 
that ui^/fc{a,T) — 1, ii i + j < d and ul/k{'^j''') = tt"^ otherwise. Hence, Ul/k 
is the inverse of the local fundamental class, cf. [31 §2.4]. A detailed proof can be 
found in the second author's dissertation [T7]. D 

Remark 14. From the construction above one directly obtains an algorithm. The 
uniformizing element tt of L in the proof above can be chosen to be a uniformizing 
element of L. Then approximations to the elements u^ can be computed by suc- 
cessively applying the constructive steps of the proof of lLemma 101 This involves 

^x 

solving equations in the algebraically closed residue class field of L . However, we 

^x 

cannot do computations in L directly, but rather work in an appropriate subfield, 
starting with L. Whenever we cannot solve one of these equations in the residue 
class field of L, we generate an appropriate algebraic extension and work there from 
then on. In worst case, this means that we have to generate an algebraic extension 
in every step. And, hence, the extensions involved in the computations often get 
very large. 

To avoid this problem we proceed as follows. Let ttk and ttl be uniformizing 
elements of K and L, e the ramification degree and d the inertia degree of L/K. 
Let N be the unramified extension of K of degree [L : K]. Then F := LN is 
the unramified extension of L of degree e. We set L„r '■— Yid^ ^^"^ ^"^^ ^ ^^ 
the maximal unramified extension of iiT in L with Frobenius automorphism ip. In 
the algorithm below, we construct a special uniformizing element tt in i^ such that 
Np/i^{^-^) — 1. One can then prove that the elements Uq- can be constructed in F. 

Algorithm 15 (Local fundamental class). 

Input: An extension L/K over Qp with Galois group G and a precision k E N. 
Output: The local fundamental class ul/a' G C^{G,L^) up to the finite precision 
k, i.e. its image in H^{G,L'' /ul^^). 

1 Solve the norm equation Np/i^{v) = u modUp with u = ttatt^'^ G Ul and 
V e Up /Up . Define tt — vttl. 

2 For each ct G G, let ct G G&\{F/K) be the automorphism which is uniquely 
determined by d\L — o and (ctIat)^^ = (p^ with < j < d — 1. Then compute 
u, G Up such that <"-!== iM mod U^p+^\ 

3 Define (3 G C^{G,L^^) and 7 G C2(G,i^) by p)] and [(7)| 
Return: 7^^. 

Note that the choice of j in this algorithm corresponds to the choice of j in the 
proof of |Proposition 13[ see in particular equation |(6)[ 
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Proof of correctness. Step 1 : Since u has valuation and F/L is unramified, there 
exists an element v G Up such that its norm is equal to u. Then n is a uniformizing 
element of F and has norm -/V^/^(7r) — uirl = ttk- 
Step 2: The elements 2IILi have norm 



in^*(*w)=i<ri^'"w)=i- 



t—1 t—1 



Let H = Gal{F/L). Since H-\H,Uf) = NhUf/IrUf = 1 for the unramified 
extension F/L, there exists x € Up with a;*^^^ — SlZLi By successively applying 
the steps in the constructive proof of [28l V, Lem. 2.1] fsee ILemma lOp one can 
construct an element x S Up with x'^~^ = —^ mod Up . 

Step 3: The computation in the proof of [Proposition 13| shows that the cocycle 
7 from 1(7)1 represents the inverse of the local fundamental class. 



If we compute the elements u^ modulo Up , we also know the images of (3 
to the same precision. To compute 7~^ we divide by (j(/3(t)) and (3(a) and each 
of these operations can reduce the precision at most by one because all elements 
in (jni) have at most valuation 1. The other operations involved in 82 (addition, 
multiplication and application of a) do not reduce the precision. Hence, we know 
the images of 7 modulo U^ . D 

This algorithm has been implemented in Magma 6 and its source code is bun- 
dled with the second author's dissertation [T7]. For a small example where the 
Galois group is G = 53 , this algorithm computes the local fundamental class within 
a few seconds whereas the direct linear algebra method took more than an hour. 

The implementation of this more efficient algorithm made several interesting 
applications possible. In the second author's dissertation [TT' , [Algorithm 15| is used 
in algorithms for computations in Brauer groups of (global) number field extensions 
and for the computation of global fundamental classes. In addition, the algorithm 
was also applied in a completely different context: based on the Shafarevic-Weil 
theorem, Greve used the algorithm in his dissertation [20] to compute Galois groups 
of local extensions. 

3. EpSILON constant CONJECTURES 

We recall the statements of the global and local epsilon constant conjectures of 
[1] and [5] and some important related results. These conjectures are formulated 
as equations in relative iiT-groups for group rings. 

Let R be an integral domain, E an extension of Quot(i?) and G a finite group. 
For a ring A we write Kq{A) for the Grothendieck group of finitely generated 
projective ^-modules and Ki (A) for the abelianization of the infinite general linear 
group Gl(^). Then there is an exact sequence 

(8) K,{R[G]) -> K,{E[G]) ^^^^^^ Ko{R[G],E) ^ Ko{R[G]) ^ Ko{E[G]) 

with the relative algebraic X-group Kq{R[G], E) defined in terms of generators and 
relations as in [341 p. 215]. An overview of the relevant results concerning these 
-ftT-groups is given in [7]. We write Z{E[G]) for the center of E[G] and we will use 
the reduced norm map nr : Ki{E[G]) — > Z{E[G])^ , which is injective in our cases, 
and the map 9Lg,, p := c^Lgi p ° nr^^ from im(nr) to Kq{R[G], E). 
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The two cases we are interested in are the foUowing. For R = Zp and E an 
extension of Qp the redueed norm is an isomorphism (e.g. see [71 Prop. 2.2]) and we 
obtain a map Oq^^ := d^ rg, ^ ~ ^z fGl b ° ™^~^ from 7^{E[G])^ to Ki^{'Lp[G\,E). 

For i? = Z, E' = R the reduced norm map is not surjective but the decomposition 

(9) i^o(Z[G],Q)^[]i^o(Zp[G],Qp), 

p 
and the Weak Approximation Theorem stiU aUow us to define a canonical map 
%R from Z(R[G'])^ to ii:o(Z[G],R), such that ^^Ronr = d}.^^, cf. [1 §3.1] or [TUl 
Lem. 2.2]. 

3.1. The global epsilon constant conjecture. The global epsilon constant con- 
jecture is formulated in the relative iiT-group ivro(Z[G],M). For a Galois extension 
L/ K of number fields it describes a relation between the epsilon factors arising 
in the functional equation of Artin L-functions and algebraic invariants related to 
L/ K. We briefly sketch its formulation which is due to Burns and the first named 
author and refer to [1] for more details. 

The completed Artin i-function A(i/A', x, s) satisfies the functional equation 

(10) HL/K, X, s) - e{L/K, x, s) A{L/K, xA - s) 

with an epsilon factor e{L/K,x,s) :— VF(x)^(x)^ '^ ^^'^ ^(x)i^(x) as defined 
in [ini Clip. I, (5.22)]. The equivariant epsilon function is defined by e{L/K, s) :— 
(e(L/iir, X, s))^gi„(G) and its value e^/K := £{L/K,0) e Z(R[G])'' is called the 
equivariant global epsilon constant. We define a corresponding element in the 
relative iiT-group Kq{Z[G],M.) by S'i^/k '■= dQ^{^L/K) and also refer to it as the 
equivariant global epsilon constant. 

Let S* be a finite set of non-archimedean places of K, including all non-archimedean 
places which ramify in L. For each v E S with v\p we fix a place w oi L above v 
and choose a full projective Zp[Gtu]-sublattice ^^ of O^^^ upon which the u-adic 
exponential map is well-defined (and hence injective). For each place w which does 
not lie above some w G S" we set ^^ = Ol^, and we define ^ C Ol by its p-adic 
completions 

^p^W^^ ®Zp[G„] Zp[G] CLp-.^L (g)Q Qp. 

v\p 

For each finite place ly of L we also write w : L^ — > Z for the standard valuation of 
L normalized such that w{L'^) — Z. We let S(L) denote the set of all embeddings 
of L into C and set H^ '■— Y\creT,(L) ^- ^^ define the G-equivariant discriminant 
by 5l/k{^) :== [^, TTL, iJi] e Kq{'L[G],"M.) where ttl is induced hy pL ■ L ®q<C ^ 
Hl^zCJ^z^ {(j{l)z)„i.Y.(L) as in 01 §3.2]. 

Let X C O^ be any cohomologically trivial Z[G^]-submodule of finite index, 

e.g. X^ expjJ'^). Then .ff 2 (G,„,L^) ^ H^G,„L^/X) and by ^ Th. 2.2.10] 

there is an isomorphism H^{Gw,L^/X) ~ Extg {Z,L^/X). For a cocycle 7 S 

H^{Gw, L^/X) one can apply the construction of [5S1 p. 115] to obtain a 2-extension 

^ L^/X -> G(7) -^ 'L[GJ\ -^ Z ^ 

representing 7 in Extg^(Z, L^/X). 

If 7 represents the local fundamental class then the complex 

K'JX):^[G{-/)^Z[G^]] 
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is perfect. Here the modules are placed in degrees and 1. We write Ew{X) for its 
refined Euler characteristic in Ko{Z[Gw],Q) where the trivialization 

H\Kl,{X)) ®z Q ^ Ll/X 0Z Q ^ Q ^ H\K'JX)) ®z Q 

is induced by the valuation map w : L^ — > Z. For the general construction of refined 
Euler characteristics we refer the reader to ^2i §2]. For the construction in our 
special case see [U §3.3], in particular, a triple representing Eyj{X) in Ko{Z[Gw],Q) 
is given in [?J Lem. 3.7]. 

Furthermore, let tti^, e Z{Q[Gw])^ be the element defined in ^ §4.1] which 
we also call the correction term. It is defined as follows. For a subgroup H C G 
and X e Z{Q[H]) wc let *x £ Z{Q[H])^ denote the invertible element which on 
the Wedderburn decomposition Z(Q[H]) — 01=1 ^i with suitable extensions F^/Q 
is given by *x = {*Xi)i^i,,,r with *Xi = 1 if x^ = and *Xi = Xi otherwise. If ipw 
denotes a lift of the Frobenius automorphism in Gwjiw, then the correction term 
is defined by 

(11) n^«> = —T. TTT ^ G Z(Q[G^]) . 

Finally, we define elements 

Ig{v.^) := ig„,(a^„,RK„) - F„(exp,(^^))) 

and TV}°^L/K, 1) := S^/k ~ Sl/k{^) ~ Eves Ig{v, if) 

in Kq (Z [G] , K) . One can show that TVl}°'^ {L/K,l) is independent of the choices of 5* 
and jSf (cf. H Rem. 4.2]). By H Prop. 3.4]) we have Tn^°'={L/K, 1) e Ka{Z[GlQ) 
and we can state the conjecture as follows. 

Conjecture 16 (Global epsilon constant conjecture). For every finite Galois ex- 
tension L/K of number fields the element Tn^°'^{L/K,l) is zero in Kq{'Z[G],Q). 
We denote this conjecture by EPS(i/A'). 

This conjecture has been proved for tamely ramified extensions ([H Cor. 7.7]), for 
abelian extensions L/Q (see the proof of our |Corollary 3[ ), for all 5'3-extensions L/<Q 
( [9] ) , and finally, for certain infinite families of dihedral and quaternion extensions 
([8]). Moreover, the global conjecture FiPS{L/K) is known to be valid modulo the 
subgroup KoiZ[GlQ)tor, i.e., Tn'°^{L/K,l) G KoiZ[G],Q)tor (see [H Cor. 6.3]). 

We write EPSp(L/-ft') for the projection of the conjecture onto Ko{'Zp[G],Qp) 
via the decomposition [(9)| We immediately obtain 

Corollary 17. The global conjecture FiPS{L/ K) is valid if and only if its p-part 
FiPSp{L/K) is valid for all primes p. 

3.2. The local epsilon constant conjecture. We will now describe a related 
conjecture for local Galois extensions L^/K^ over Qp, which was formulated by 
Breuning in [5], and we will see how it refines the global conjectures EPS(L/iir) 
and EPSp (L/iiT). The equivariant global epsilon function of L/K can be written as 
a product of equivariant local epsilon functions related to its completions L^]/ Ky. 
Their value at zero is called the equivariant local epsilon constant and the local 
conjecture describes it in terms of algebraic elements of the extension L^jK^. Here 
we refer to [5] for details. 

Let Cp denote the completion of an algebraic closure Qp of Qp. Every character 
X of Gw = Gdl{Lw / Ky) can be viewed as a character of Gsi\{Q,p/ K^). The local 
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Galois Gauss sum from [27^ Chp. II, § 4] associated with the induced character i^ x 
of Gal(Qp/Qp) wiU be denoted by T^„/i<-^(x) G C and we set 

The choice of an embedding l: C^ Cp induces a map Z(C[Gu,])^ -> Z(Cp[Gu,])^ 
and we obtain the equivariant local epsilon constant 

As in the global case one chooses a full projective Zp[Gu,]-sublattice J^w of Ol^ 
upon which the exponential function is well-defined. Similarly one defines the equi- 
variant local discriminant in KoCZplG^jjCp) by Si^^^x^i-^w) = [^w, Pl„,Hl^], 
where Hl^. = 0o-eE(L„) ^p '^'^'i P^™ i^ the isomorphism ^^ ^Zp Cp -^ Hl„ (8)Zp Cp, 
Z®z !->• (cr(Z)z)o.gs(L„)- Here S(Lt„) denotes the set of embeddings L.^, ^-> Cp. There 
is an explicit description of 6l^/x^{-^w) in [SI §4.2.5] which we will recall in |§5.3[ 

We write £^„(exp^(^u,))p for the projection of the Euler characteristic £'^(exp^(^t„)) 



ontoi^o(Zp[G„],Qp)by[(9y| The diflFerence G^^/k. := S^(exp,(if„))p-(5i„/^„(J^™) 
is independent of Jifw by [51 Prop. 2.6] and is called the cohomological term of 

To state the local conjecture we also need the unramified term Ui^^/x^. It is the 
unique element in Kq{Zp[Gw], Cp) which satisfies the Galois invariance property [5J 
Prop. 2.12 b)] and is mapped to zero by the scalar extension map KQ{Zp[Gyj],Qp) ^■ 
iCo(Op[Giu],Cp) where O* is the ring of integers of the maximal tamely ramified 
extension of Qp in Cp. The proof of its existence in [S] Prop. 2.12] includes an 
explicit description of U[^^/x^, which we will also recall in |§5.3[ 

Conjecture 18 (Local epsilon constant conjecture). For every Galois extension 
Lw/ Ky of local fields over Qp the element 

is zero in _ftro(Zp[Gu,], Cp). We denote this conjecture by FjPS°'^{L^y/K.i,). 

This conjecture has been proved in [8j for tamely ramified extensions, for abelian 
extensions M/Qp with p 7^ 2, for all S'3-extensions of Qp {p arbitrary), and for 
certain other special cases. Actually some of the results on the global conjecture 
were obtained by the local conjecture which can be regarded as a refinement of the 
p-part of the global conjecture. 

Theorem 19 (Local- global principle). One has the equality 

™>-(L/i^,l)p = Vigji?i^/;,J 



in A''o(Zp[G], Qp) and one can deduce: 
(i) EPS'°'=(£;/i^) for all E/F/Qp ^ EPSp{L/K) for all L/K/Q, 
(ii) ifp^2: EPSp{L/K) for all L/K/Q =^ EPS^°'' {E/F) for all E/F/Qp, and 

(Hi) for fixed L/K/Q and p: EPS'°'=(L„/A:^) for all w\v\p ^ EPSp(L/A:). 

Proof 8, Thm. 4.1, Cor. 4.2 and Thm. 4.3]. D 

As a consequence, for p ^ 2, parts (i) and (ii) imply the equivalence of the local 
conjecture for extensions of Qp and the p-part of the global conjecture. 
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3.3. An algorithm. We recall the functorial properties of the global and local 
epsilon constant conjectures. 

Proposition 20 (Functorial property). For a Galois extension L/K of number 
fields with intermediate field F/K and a local Galois extension M /N over Qp with 
intermediate field E/N one has: 

(i) EPS{L/K) ^ EPS(L/F) and EPS{L/K) ^ EPS{F/K) if F/K is Galois. 
(li) EPS'°'=(M/Ar) ^ EPS'°'=(M/£;) and EPS'°'^(M/Ar) ^ EVS^°''{E/N) if E/N 
is Galois. 

Proof 4, Thm. 6.1] and [F, Prop. 3.3]. D 

The functorial properties together with the known results mentioned so far imply 
the following corollary. 

Corollary 21. Let n G N fee a fixed integer. Then the local epsilon constant 
conjecture EPS °'^{M/Qp) for all extensions M/Qp of degree [M : Qp] < n with p < 
n implies the global epsilon constant conjecture 'EjPS{F / K) for all Galois extensions 
F/K where F can be embeded into a Galois extension L/Q of degree [L : Q] < n. 

Proof. All extensions below are assumed to be Galois. We conclude 



EPS'°'(M/Qp) 


V[M : Qp] <n,p<n 




EPS'°'=(Af/(Qp) 


V[M : Qp] < n, Vp 


(since EPS'°'^(M/Qp) is 




V[L : Q] < n, Vp 


valid for tame extensions) 


EPSp(L/Q) 


fbvlTheorem 19lfiii^^ 


EPS(L/Q) 


V[L : Q] < n 


(by decomposition (9) ) 


EPS{F/K) 


VF C L, [L : Q] < n 


(by Proposition 20D 



D 

It is well-known that for fixed p and n there are only finitely many Galois ex- 
tensions M/Qp with degree [M : Qp] = n. So the local conjecture for finitely many 
extensions implies the global conjecture for an infinite number of extensions. And 
these finitely many local extensions can be handled algorithmically: 

(1) For a fixed positive integer n, compute for all p < n all local Galois exten- 
sions of Qp of degree < n. This can be done using an algorithm due to Pauli 
and Roblot 30] which performs well enough up to degree 15. However, we 
were not able to compute all local extensions of degree 16 of Q2. 

(2) For every local extension M/Qp, find a global Galois extension L/K of 
number fields with places w\v, such that L^, = M, Ky = Qp and [L : K] = 
[M : Qp]. Such an extensions L/K is called a global representation for 
M/Qp and is needed to do exact computations in step (3). 

(3) Apply the algorithm of Breuning and the first named author j^ to prove 
or disprove the local epsilon constant conjecture for these extensions. 

In the next section we will discuss how step (2) can be handled. Afterwards, we 
recall the algorithm of [3] , and finally, we present our algorithmic results and their 
consequences. 
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4. Global representations of local Galois extensions 



To do exact computations for a fixed Galois extension M/Qp in the algorithm of 
Breuning and the first named author, we will need a global Galois extension L/K 
of number fields with corresponding primes *p|p for which Kp — Qp and Ltp = M . 
Such an extension L/K will be called global representation for M/Qp and is denoted 
hyiL,Vfi)/{K,p). 

The proof of the existence of such a global representation involves the Galois 
closure of a number field [31 Lem. 2.1 and 2.2], but for computational reasons we 
need a representation which has small degree over Q, or even better, with K — Q. 

Henniart shows in f2T] that a global representation L/K for the local extension 
M/Qp exists with K = Qiip ^ 2. And Up — 2, there exists a global representation 
with K quadratic over Q. Unfortunately, it is not clear how to find these small 
representations algorithmically. We therefore present some heuristics. 

4.1. Search database of Kliiners and Malle. The database of Kliiners and 
Malle [25] contains polynomials generating Galois extensions of Q for all subgroups 
G of permutation groups Sn up to degree n = 15. In particular, the database 
contains polynomials for all Galois groups of order n < 15. Among those one will 
often find a polynomial generating a global representation for M/Qp, if [M : Qp] < 
15. 

4.2. Parametric polynomials. Here we consider polynomials / £ K{ti, . . . , i„)[a;] 
with indeterminates U over a field K. Such a polynomial / is said to be parametric 
for a given group G, if the splitting field L of / is a Galois extension of if (ii , . . . , t„) 
with group isomorphic to G and, moreover, if for every Galois extension N / K with 
Gd\{N/ K) ~ G there exist parameters ai, . . . , a„ G iiT such that the splitting field 
of /(ai, . . . , a„)[a;] G K[x\ is isomorphic to TV. Since K is countable, one can 
systematically enumerate those polynomials / and one will eventually find a poly- 
nomial whose splitting field is a global representation for M (provided it exists). In 
our applications, we could find such a polynomial / by randomly testing different 
values for the indeterminates t^. 

The book [23] by Jensen et. al. contains parametric polynomials (or methods to 
construct them) for a lot of groups. In particular, it contains polynomials for all 
non-abelian groups of order < 15, except for the generalized quaternion group Q12 
of order 12. However, there do not exist parametric polynomials for all groups. The 
smallest group for which the non-existence is proved is the cyclic group of order 8 
1^, §2.6]. 

4.3. Class field theory. As a last heuristic, we will use class field theory to con- 
struct abelian extensions with prescribed ramification|j A discussion of class field 
theoretic algorithms implemented in Magma is given by Fieker in [T5]. For the 
general theory we refer the reader to [551 Ch. VI]. 

If L/K denotes an abelian extension of number fields with conductor f, then p|f 
if and only if p is ramified in L/K and, moreover, p^|f if and only if p is wildly 
ramified in L/K, cf. [H § 2.4, p. 44]. 

One can therefore possibly find abelian extensions of K with prescribed rami- 
fication at certain places by choosing an appropriate modulus f, constructing the 



■^Thanks to Jiirgen Kliiners for suggesting the application of this method. 
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corresponding ray class field, and computing suitable subfields of the requested 
degree. 



4.4. Global representations for extensions up to degree 15. Let M/Qp be a 

Galois extension of local fields with group G. For the computation of the unramified 
characteristic (see (HH)) we will also have to consider the unramified extension Nf 
of Qp of degree / = exp(G'^''), where / denotes the exponent of the abelianization 
G^^ of G. Note that for Algorithm [15] we do not need global representations of the 
fields used in the algorithm. 

Since the local conjecture is known to be valid for tamely ramified extensions 
and abelian extensions of Qp, p ^ 2, it suffices to discuss the performance of the 
heuristic methods in the following cases: 

(a) wildly ramified extensions M of Qp with non-abelian Galois group G for all 
primes p, 

(b) wildly ramified extensions M of Q2, with abelian Galois group G, and 

(c) unramified extensions of Qp of degree / = exp(G^'^) for all primes p. 

In all of these cases we restrict to extensions of degree < 15 since for degree 16 we 
cannot compute all extensions of Q2- The hypothesis of wild ramification implies 
that we only have to consider primes p = 2, 3, 5 and 7. The primes 11 and 13 are not 
considered because they can only occur (up to degree < 15) in abelian extensions 
of degree 11 and 13, for which both the local and global epsilon conjecture is known 
to be true. 

4.4.1. Case (a). First consider extensions with non-abelian Galois group. For most 
of the non-abelian wildly-ramified local extensions we found polynomials of the 
appropriate degree in the database |25j generating a global representation. In fact, 
there were just three _D4-extensions of Q2 and three Z?7~extensions of Q7 not being 
represented by any polynomial (of degree 8 or 14 respectively) in this database. 

By 23, Cor. 2.2.8] every Z34-extension of Q is the splitting field of a polynomial 
f{x) — x^ — 2stx^ + s^tit — 1) G Q[a;] with suitable s,t e Q. Experimenting with 
small integers s and t and computing the splitting field of / quickly provides global 
representations for all iD4-extensions of Q2. 

Finally, we used class field theory to construct global Galois representations for 
the three non-isomorphic Z?7-extensions of Q7: by taking quadratic extensions K 
of Q which are non-split at p = 7 and computing all C7-extensions of K which are 
subfields of the ray class field K'^ , m = A90k, one finds Z?7~extensions where p = 7 
is ramified with ramification index 7 or 14 and where p does not split. Experiment- 
ing with different fields K as above one finds global Galois representations for all 
three Z)7-extensions of Q7. 

This completes the construction of global representations for all non-abelian 
wildly ramified local extensions of Qp, p = 2, 3, 5, 7, up to degree 15. 

4.4.2. Case (b). Using the database |15] we can again find polynomials for all 
abelian extensions over Q2 of degree < 7. For extensions of higher degree, the 
heuristics were not as successful. But to obtain a global result up to degree 15, 
it is sufficient to consider abelian extension of Q2 of degree < 7 (see the proof of 
[Corollary 3D . 
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4.4.3. Case (c). For each of the pairs {L/Q,p) with Galois group G constructed in 
cases (a) and (b) , | Algorithm 22| also needs a extension A^ of Q which is unramified 
and non-split at p and is of degree / = exp(G"'^). 

For non-abelian extensions of degree < 15 the maximum degree of N can easily 
be determined to be / = 4. And in the abelian case, we need unramified extensions 
of degree < 7. 

Most of these unramified extensions can be constructed as a subfield of a cyclo- 
tomic field Q(Cn) generated by an 7i-th root of unity C„. In the other cases one 
finds global representations using the database [25j. 

A complete list of polynomials which were found using these heuristics is con- 
tained in the second named author's dissertation [T7] . 

5. Algorithmic proof of the local epsilon constant conjecture 

We briefly recall the algorithm described by Breuning and the first named author 
in [3l §4.2]. There the authors explain in detail how each of the terms in the local 
conjecture can be computed and how this results in an algorithmic proof of the 
local conjecture for a given local Galois extension L^/Ky. Since by the functorial 
properties of the local conjecture one has EPS °'^(L^/Qp) => EPS "'^(L^./i^i,), we 
will only consider extensions L^,/Qp. 

For the rest of this section, fix the Galois extensions L/K and N/K and a prime 
p of iiT as the input of the algorithm. We assume that L/K (resp. N/K) is a 
global representation of L^/Qp (resp. the unramified extension of Qp of degree 
/ :— exp(G'*'^)). For simphcity, the unique prime ideal above p in the fields L, N, 
or any subextension of L/K will also be denoted by p. If it is necessary to avoid 
confusion, we will write px, pL and pN- Furthermore, we will identify the ideals 
PlIPk with places w\v of L and K, respectively, such that L-u, = Lp and Ky = Kp. 
We write e^j^y = e{Ly;/Qp) for the ramification index. Recall that for a finite place 
w of L we write w : L^ — > Z for the normalized valuation associated with w (or 

Pl). 

We will first recall the complete algorithm of |3j and then explain each step. 
In step 2 we will construct a big number field E which, among other things, is 
a splitting field for G. Hence the Wedderburn decomposition of E[G] induces a 
canonical isomorphism Z{E[G])^ ~ IlyeirrfG) ^^■ 

Algorithm 22 (Proof of the local epsilon constant conjecture). 

Input: An extension {L,^)/{K,p) with Kp = Qp in which L/K is Galois with 
group G and a Galois extension N/K of degree exp(G"^^) in which p is non-split 
and unramified. 

Output: True if EPS'°''(L>p/Qp) was successfully checked. 
(Construction of the coefficient field) 

1 Compute all characters x of G and use Brauer induction to find an integer t 
such that the Galois Gauss sums can be computed in Q(Cm,Cp*)i '^ — exp(G) 
(cf. O Rem. 2.7]). 

2 Construct the composite field E of L,N and Q(Cm, CpO and fix a complex em- 
bedding i : E ^^ C and a prime ideal £1 oi E above p. 

(Computation of cohomological term) 
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3 Let 6 £ L he a, generator of a normal basis of L/K with w{9) > "^/^p-' ^ 
define ^ = Zp[G]9 G Ol„ and compute k such that (*POl„)'' Q ^ (cf. [3 
Sec. 4.2.3]). 

4 Compute a cocycle representing the local fundamental class up to precision fc in 
H^(G,LI/U'j^l) and its projection onto ij2(G,L^/exp„(if^)) (cf. [Algorithm 15 1 



5 Construct a complex representing this cocycle by [29j p. 115] and compute the 
Euler characteristic £;„(exp,„(.if„)) G Ko{Z[G],Q) as in [3, §4.2.4]. 

(Computation of the terms in Y\ E^ ) 

6 Compute the correction term tul^/q^ = m^ G Z(Q[G])^ C Z{E[G]Y — Jly ^^ 



defined in (11 



7 Compute the element d^^/i^^ G L[G]^ C E[G]'^ of |(13)| below, such that 
nr(d^ /Qp) represents the equivariant discriminant 5i^ /q^{^). 

8 Compute the element ml^/Qp S N[GY Q E[G]^ using |(14)] below, such that 
nr(uL5p/Qp) represents the unramified term I/l.-^/q^- 

9 Use the canonical homomorphism E[G]^ — > Ki{E[G]), the reduced norm map 
nr : Ki{E[G]) -^ Z(£;[G]) and Wedderburn decomposition of Z{E[G]) to repre- 
sent these two terms in Hv^^- 

10 Compute the equivariant epsilon constant t^^/q^ G Yl^QiCp* , Cm)^ ^ Hy -^^ 
via Galois Gauss sums. 

(Computations in relative K-groups) 

11 Read _E^(exp,y(Jf^,)) and the tuples from above as elements in _ftro(Zp[G], i^o). 

12 Compute the sum i?L.p/Qp € Ko{Zp[G],E£x) of the resulting elements. 
Return: True if i?Lm/Q is zero, and false otherwise. 

Proof. 3, §4.2]. D 

All steps were explained in detail in |3|. However, there were some problems that 
needed further improvements to give a practical algorithm. Firstly, the existence 
of global representations is due to a theoretical argument by Henniart in [5T] which 
we still cannot make explicit. For the construction of these representations we gave 
some heuristics in the previous section which we successfully applied to extensions of 
small degree. Secondly, the computation of local fundamental classes as presented 



in [3l § 2.4] is not very efficient and is significantly improved by Algorithm 15 
And thirdly, Wilson and the first named author ^ developed new algorithms for 
computations in the relative algebraic i^-groups Ko{'Zp[G],Qp). 
Below we will discuss each part of the algorithm separately. 

5.1. Constructing the coefRcient field. As explained in [3l §4.2.2] we need to 
construct a global field E, in which all the computations take place. 

For the computation of the unramified term, we will need a cyclic extension N/K 
which is unramified and non-split at p. 

Another extension involved is Q(Cm,Cp')j where m is the exponent of G and t 
is computed as described below. By Brauer's theorem [32l Sec. 12.3, Theorem 24] 
the field Q(Cm) is a splitting field for all irreducible characters of G and therefore 
contains all character values. The root of unity Cp« is used to represent Galois Gauss 
sums and the integer t is determined as follows. 
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For each character x of G one computes subgroups H, hnear characters 4> of 
H, and coefficients C(^h,<Ij) e ^ such that x - x(1)1g = Y.(h,4,) C(ff,0)ind§(0 - Iff)- 
Such a relation exists by Brauer's induction theorem, cf. [J, §2.5]. If ^{(j)) denotes 
the Artin conductor of and e the ramification index of {L^)p/Qp, then t must 
satisiy i > Vp{f{(f)))/e for all pairs {H,(f)) and all %. This choice of t will allow to 
compute the epsilon constants as elements of Q(Cm,Cp*)i see also [3l Rem. 2.7]. 

The composite field of the three fields L,N and Q(Cm,Cp*) is denoted by E, 
giving the following situation: 



(12) Q(Cn 



We then fix a complex embedding l : E ^^ C The embedding t is essential 
because some of the terms in the conjecture depend on the particular choice of the 
embedding: for example, the definition of the standard additive character below, 
see also PJ § 2.5]. So once we compute an algebraic element representing this value, 
we have to maintain its embedding into C Since we still try to avoid computations 
in such a big field E, this implies the following: whenever we do calculations in a 
subfield F C E, we have to choose embeddings li : F ^^ C and L2 '■ F ^^ E such 
that the diagram 





is commutative, i.e. li — l o i,2- 

We also fix a prime ideal £} oi E above p and an embedding E ^-s- £^£1 such that 
E 'H- Eq ^^ Cp and E ^^ C ^^ Cp coincide. Then all the invariants appearing in 
the conjecture lie in the subgroup Ko{Zp[G],E£i) of Ko{1'p[G],Cp) and they can 
therefore be represented by tuples in Z{Eq[G]) ~ nveirrfG) ^Q- ^^ ^^'^*' ^^ ^^^^ ^^^ 
that all these elements are already represented by elements in rivGirrfG) ^^ ^^'^ 
can therefore be computed globally. 

5.2. Computation of the cohomological term. The lattice ^ = Z[G]9 C Ol 
is computed using a normal basis element 9 for L/K and the integer k for which 
p*^ C ^ can then be found experimentally. The details are explained in [31 § 4.2.3]). 
We compute a cocycle 7 G Z^{G,L^/Uj^ ) representing the local fundamen- 
tal class up to precision k using [Algorithm 15| and then the projection of 7 onto 
Z^(G',L^/exp„(.ifu))). Note that the quotient L^ := L^/exp„(^u,) can be com- 
puted globally, cf. (2[ Rem. 3.6]. We can then construct the corresponding complex 
P^ = [L{,(7) -^ Z[G]] using the splitting module Ll{"f) of [29l Chp. Ill, § 1, p. 115] 
and the Euler characteristic £'u,(expj,(^^)) G Ko{'Z[G],Q) using the explicit con- 
struction of [21 §4.2.4]. 
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5.3. Computation of the terms in J| _E^ . The correction term rriw is explicitly 
defined as a tuple in Hy-^^ t)y (11) For the equivariant discriminant and the 



unramified term we recall the following formulas from [3, §§4.2.5 and 4.2.7]: 

(13) di„/Q, = Y. <^)^'^ ^ ^[^] " ^ ^[^] ' ' 

s-1 

(14) Ui„/Q^=^¥.;(C)a-'6Ar[G]x C£;[G]x. 

i=0 

We explain the notation in the latter equation. The element cr G G is a lift of the 
local norm residue symbol {p,Fp/Kp) G Gal{Fp/Kp) ~ Ga\{F/K) with F being 
the maximal abelian subextension in L/K. An algorithm to compute local norm 
residue symbols is described in [Ij Alg. 3.1]. If s denotes the order of cr and Ni C N 
is the subextension of N/K of degree [A'^i : K] = s, then we denote the Frobenius 
automorphism of Ni/K with respect to phy ipp ^ Ga\{Ni/K), and finally, ^ G OjVi 
is an integral normal basis element for the extension {Ni)p/Kp. 

By PJ Sec. 4.2.5 and 4.2.7] the equivariant discriminant and the unramified 
term are represented by nr((ii^/Q ) and nr(w/^^/Q ) as elements in Z(_E[G])^ ~ 
nygirr(G) ^^ ■ Recall that reduced norms can be computed by one of the algorithms 
described in [21 Sec. 3.2] or 3 Sec. 3.3]. 

The equivariant epsilon constant r^ m is computed in Jly-^^ by local Galois 
Gauss sums as follows. 

For each x, we have already computed subgroups H of G, linear characters (j) of 
H, and coefficients C(^h,4,) G ^ such that x - x(1)1g = J2{h,4,) C(ff,0)ind^((/) - 1h)- 
Since Galois Gauss sums are additive, inductive in degree 0, and equal to 1 for the 
trivial character, we obtain 

{H.4>) 

For the completions at p of the abelian extension M ~ ikor(0) ^^^^ j^ _ j^h ^ Galois 
Gauss sums are given by the formula 

r(Mp/7Vp,0) = ^0((^,Mp/7Vp)) ^^^(^) e Q(Cm,Cj>0 C E^ 

X 

where x runs through a system of representatives of O^ /Uj^ — (Ojv/p'^)^, s is 
the valuation Vp{f{4>)) of the Artin conductor f(0) oi (j), c £ N generates the ideal 
f(0)2?Arp , where Pat^ denotes the different of the extension Np/Qp, and ipNp is the 
standard additive character of A^p . 

The above formulas allow the construction of the equivariant epsilon constant as 
a tuple TL^/q^ = (r(ip/Qp,x))^ ^ Tlx^''- For details see !3:, §2.5]. 

5.3.1. Gomputations in relative K-groups. In the following we have to combine the 
computations of the previous steps to find Rlu/q ^-nd show that its sum represents 
zero in Ko{'Zp[G],Eq). In [S] Wilson and the first named author describe the 
relative AT-group as an abstract group. Using their methods it will be clear how 
to read elements of the form Oq q {x) for x G Y[^ ^^ ^-nd triples [A, 6, B] in the 
group Ko{Zp[G],Ea). 
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We will recall the algorithms of [^ and — since they are not yet implemented 
in full generality — we will discuss a simple modification for special extensions F 
of Q which are totally split at the fixed prime p. 

First we introduce some more notation: Let K he a number field and G a 
finite group. Let Irr/f (G) = {xi, . . . ,Xr} denote a set of orbit representatives of 
Irr(G') modulo the action of Gal{K'^ / K) . Then the Wedderburn decomposition of 
K[G] induces a decomposition of its center C := Z{K[G]) into character fields 
Ki :— K{xi), i — 1, . . . ,r, so that we have G — 0[^i Ki. 

Choose a maximal Oi^:-order Ai of K[G] containing ©A'iG] and a two-sided ideal 
f oi M which is contained in O/^ [G] (e.g. f — \G\ M) and define q :— Oc n f. Then 
the decomposition of G similarly splits A^ into @\^i Mi and the ideals f and g 
into ideals fi of M.i and Qi of OKi- For a prime p in Ok, we further write Gp for 
the localization Gp = Kp®qG = 0[^i Kp (^^Ki = 0^^i ©<p|p(^OqJi ^^^d ai.p for 
the part of an ideal ai of OKi above p . 

The reduced norm map induces a homomorphism /ip : Ki{OKf[G]/^p) -^ 
®\^i{0 Ki / Qi,p)^ whose cokernel is used in the description of the relative iiT-group 
Ko{Okp [G], Kp). Then the main algorithmic result of Wilson and the first named 
author is the following. 

Proposition 23. There are isomorphisms 

Ko{OK,[GlKp) -^ G;I^x{OkAGY) -^ I{Cp) X coker(Mp), 
n being the natural isomorphism of O Th. 2.2(ii)] and (f being induced by 

r r 

^■- C'p>< = (if,)p -^ IiCp)x^iOKjQr,pr 

(15) i^i i^i 

{yi,--.,i^r) ^ ((n>v*p-p(''-))^,(Mi,...,M,) 

where fii :— t^i Ilqj '"'i <b'^ '^^'^ '^i-V ^ ^Ki o,re uniformizing elements having 

valuation 1 at ^ and which are congruent to 1 modulo 0(p' for all other primes *P' 
above p in Ki/ K . 

Proof. 5, Prop. 2.7]. D 

Wilson and the first named author describe an algorithm to compute the group 
J(Gp) X coker(/ip). From the definition of Lp, it is clear how a tuple v — {vi)i of 
elements with values Vi G Ki represents an element in this group. Furthermore, for 
every triple [A, 9, B] G Ko{Ok[G],K) with projective C'_R-[G]-modules A and B and 
6 : Ak ^^ Bk, the algorithm of [S Sec. 4.1] produces a representative of [A, 9, B] 
in Z(K[G])^ . In this way, we can compute a representative of i?u)(exp^(/3^)) in 
ZmG]r CZ{E[G]r c^U^E\ 

In theory, this solves the remaining problems for [Algorithm 22[ Indeed, since we 
have representatives of each of the individual terms in Jlv-^^i ^^ '^^^ represent 
Rl^/Qp by an element (0^)^ G Ilx -^^ - Hx^Q- ^^ F Q E denotes the de- 
composition field of Q and q ~ O n F, then KoiOp, [G], Fq) = Ko{Zp[G],qp) and 
KoiOF,[G]'E^) = KoiZpiGlEa). Since i?i„/Q^ G i^o(Zp[G],Qp) C KoiZp[G],Eo) 
it follows that uj{a^) — a^jox for all x G Irr(G) and all u G G&\{E/F) (see [31 bot- 
tom of page 788]). In other words, a^ G F{x) for each x S Irr(G) and cr{a^) = a^ox 
for all a G Gal(F(x)/-F). So the natural approach using the work of [S] would be 
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to work with the q-part of Ko{Of[G],F). But m practice, unfortunately, this has 
only been implemented in Magma for K ~ Q and p = pZ. 

The field F is an extension of Q which is totally split at p. We obviously have 
Fq = Qp and Ko{Zp[G], F^^) ~ i^o(^p[G], Qp). If F satisfies certain conditions, this 
isomorphism of relative iiT-groups is canonically given by isomorphisms on the ideal 
part I{Cp) and the cokernel part coker(/ip). 

Proposition 24. Let K ^ Q and p = pL. Let F/Q be a Galois extension which 
is totally split at p and for which F H Ki — (J for all i = 1, . . . ,r. Let q be a fixed 
prime ideal of F above p. Then the following holds: 

(i) The center C' — Z{F[G]) splits into character fields Fi — FKi. 
(ii) For every ideal *P of Ki there is exactly one prime ideal Q in Fi lying above 

*P and q. 
(Hi) There are canonical isomorphisms 

r r 

I{C,)^L{C'^) and 0(O^^/0,,p)x ^ 0(O^,/g^ ^)x 

i=l i=l 

where q' :— qOc ■ 
(iv) One can use Ai' := Op ®i -M and f := Op (E)z f in order to compute 
Kq{Of^[G]^ F(^) as in \Proposition 23\ Denote the corresponding homomor- 
phisms in \(15)\ by ip' and /i' . // we use the same uniformizing elements for ip 
and ip' , then 

CpVnr(Zp[G]x) ^ > I{Gp) x coker(^p) 



(^)Vnr(O^JG]x) —^-^ I{C'^) x coker(M',) 
commutes. Here the right hand vertical isomorphism is induced by (Hi). 

Proof, (i) Since F and K^ are disjoint over Q, one has IrrQ(G') = Irip{G) and 
F{xi) = FK{x^). 

(u) If 0' is any prime ideal in Fi above p and *P' = O' n Ki, q' = O' n F, then 
the automorphisms r and a for which t(*P') ~ "^ and cr(q') = q define an element 
p = cr X T in the Galois group of F^/Q and — p{£}') is a prime ideal which lies 
above both *p and q. Since F OKi = Q and F/Q is totally split at p, the extension 
Fi/Ki is also totally split at every prime ideal *P' above p. The uniqueness of Q 
therefore follows from degree arguments. 

(iii) Let ^ be a prime ideal of Ki and Q the prime ideal of Fi which lies above 
q and ^. Then the valuation vq of Fi extends the valuation vrp of Ki and if we 
identify each pair Cp and O., we get an isomorphism 

j=lqj|p J=l£!|q 

Since *p C Ki is totally split in Fi we have isomorphisms O^^. /*p ~ OpJU. The 
inclusions O^i Q Op^ therefore induce isomorphisms (OKi/fli.p)^ — (Opi/Qi n)^ ■ 

(iv) Since q|p is unramified the order A4' is maximal at q. This implies the first 
part of (iv). The commutativity follows from straightforward verification. D 
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5.4. Further remarks. 1. As mentioned before, the algorithms of [5^ to compute 
Ko{'Ep[G],Fq) are just implemented for F = Q. The extension to F/Q described 
above will work if F is totally split at p, F/Q is Galois, and F fl Q(x) = Q for 
all characters x- The first condition is always true since we want to work with the 
decomposition field F C E oi £l, and the latter conditions are valid in all cases we 
consider in the computational results below. 

2. The computation of the prime ideal £} in i? is a very hard problem when 
the degree of E gets large. In the last part of [Algorithm 22| we will therefore try 
to replace £' by a much smaller field E'. Let I := t^^/q ""l^/q /{"mwdL^/q ) G 
Y\ E^ he the element combining all the invariants except the cohomological term. 
So Rl^/k, = dcEai^) + -E'u,(exp„(jSf„))p and since Rl^/k^ and £;„(exp„(.if^))p 
are both elements of ii'o(Zp[G], Qp), the element Bq ^^ (I) is also in iro(Zp[G], Qp). 
As in 3, bottom of page 788] we deduce that X^ e F{C,n) where m = exp(G) and 
F = E'^° denotes the decomposition field of O. 

To compute a small field E' without computing the ideal £3 and its decomposition 
group itself we proceed as follows: for every x we compute the minimal polynomial 
m^ of I^. Then we compute the composite field E' of the splitting fields of the 
polynomials m^^ and Q(Cm)- We note that the splitting fields will always be subfields 
of E. The computation of these fields is also a difficult task, but where this approach 
could take hours, the computation of Q did not succeed in several days. 

In the end, E' is a subfield of E such that I^Xm G E'. Compute an ideal q' of 
E' above p, denote the decomposition field of q' by F, and compute q = Op n q'. 
Then it follows from above that I^ G F{(rn,) audi = ti^^ /q^ul^ /Qp / ("mwdL^ /q^,) G 
Yiy P{Cm)^ ■ In our computations, these fields F were at most of degree 4 over Q 
and they were always Galois so that we could apply [P"roposition 24| for the remaining 
computations in Ko{1'p[G],Fq) = Ko{Zp[G],Qp). 

Note that all computations were independent of the choice of the prime ideal Q 
above p because all invariants were actually computed globally. The proof of the 
conjecture will therefore also be independent of the choice of q'. 

6. Computational results 



Algorithm 22 has been implemented in Magma [6] and is bundled with the 
second author's dissertation [17] .It has been tested for various extensions up to 
degree 20 and the computation time turns out to depend essentially on the degree 
of the composite field E. 

The most complicated extension for which we proved the local epsilon constant 
conjecture was an extension of degree 10 of Q5 with Galois group D5 . The composite 
field E then had degree 200 over Q. The computation of the epsilon constants, 
which needs an embedding E ^^ C, already took about 7 hours, but the most time- 
consuming part (about 6.5 days) of [Algorithm 22| was the computation of minimal 
polynomials and their splitting fields mentioned in the remarks above. The field E' 
then just had degree 4 over Q making the remaining computations very fast. The 
total time needed to prove the local conjecture in this case was about 7 daysO 

Using the representations obtained in[§4]we can prove lTheorem IJ algorithmicallv. 



AH computations were performed with MAGMA version 2.15-9 on a dual core AMD Opteron 
machine with 1.8 GHz and 16 GB memory. 



ALGORITHMIC PROOF OF THE EPSILON CONSTANT CONJECTURE 23 

Proof of lTheorem 1\ Since the local conjecture is valid for abelian extensions of 
Qp, p ^ 2, the only primes to consider are p — 2,3,5,7. All local extensions for 
these primes of degree < 15 that are either non-abelian, or abelian with p = 2 



and of degree < 6 have been considered in §4.4 and global representations have 
been found using the heuristics described in §4 Also global representations for the 
corresponding unramified extensions — which are of degree at most 6 — could be 
found using the database [25] . 

For each of those extensions we then continued with [Algorithm 22| to prove the 
local epsilon constant conjecture. Details of the computations can be found in the 
author's dissertation [17]. This completes the proof of [Theorem 1[ D 

Using some already known results we can also prove: 

Corollary 25. The local epsilon constant conjecture is valid for Galois extensions 

(a) M/Qp, p^2, of degree [M : Qp] < 15, 

(b) M/Q2 non-abelian and of degree [M : (Q)2] < 15, 

(c) M/Q2 of degree [M : Q2] < 7. 

Proof. The cases not considered in the theorem above are extensions of Qp, p ^ 2, 
which are either tamely ramified or have abelian Galois group, and extensions of 
Q2 which are tamely ramified. These cases have already been proved in [S]. Note 
that for degree 7 there is just one extension of Q2 which is also tamely ramified. D 

We finally provide the proofs of [Corollary 3| and [Corollary 7| 

Proof of \Corollary~3\ We recall that EPS'°'^(£'/i^) is true for all tamely ramified 
Galois extensions and for all abelian extensions E/Qp, p ^ 2. Combining these 
results with [Corollary 25[ we deduce [Corollary 3[ from [Theorem 191 (iii) . D 

Proof of \Corollary 7| If L/Q is abelian, the global conjecture is already known to 
be valid by combining pjj Cor. 1.3] with (TUl Thm. 5.2]. Note that the com- 
patibility conjecture of Breuning and Burns stated in |10[ Conj. 5.3] is equivalent 
to [Conjecture 16[ (which is the conjecture Bley and Burns stated in [4]) by [TOl 
Rem. 5.4]. 

If L/Q is Galois with [i : Q] < 15 then L/Q does not satisfy Property (*) if 
and only if 2 is wildly ramified with abelian decomposition group G^ such that 
8 < \Gw\ < 15. But in these cases Gal(i/Q) = G^ is abelian and we can use the 
above mentioned result for the global absolutely abelian case. D 

[Corollaries 4lland~5] finallv follow from [Corollary 3[ 
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